Abstract. Three fixed point theorems for multi-valued mappings in symmetric spaces with closure operator are proved. As corollaries of these theorems we obtain the existence of fixed points of mappings in compact metric spaces. Another corollary of the last theorem extends a condition of Kannan's theorem.
Introduction
The fixed point theorems for convex-valued mappings in convex sets of Banach spaces are well known. These theorems stem from Kakutani's works, and have since been extensively generalized. The analysis of the logical structure of the arguments in their proofs shows that the conditions of convexity and of spaces being Banach are not necessary. In fact the structure used requires only a weak metric (symmetric) and a closure operator with several properties. This idea was formed by Liepins in [1, 2] for single-valued mappings. In this paper these fixed point results are extended to the case of multi-valued mappings. Also, Corollary 1 of Theorem 3 extends Theorem 2 of [3] .
Notation and definitions
Let X be a set and 2X be the set of all subsets of X. A mapping S: 2X -> 2X is called a closure operator iff it satisfies the following conditions: A, B e 2X
and A c B => S(A) C S(B); A c S(A) and S(S(A)) = S(A). A set A is called S-closed iff A = S(A).
The topological closure in topological spaces and the convex closure in linear spaces provide examples of closure operators.
Any family of subsets j/c2,r invariant with respect to the set intersection gives a closure operator by the formula:
Let S\ and S2 be closure operators. We define S' = inf{S\, S2} by the formula:
S'(A) = f](B\B DA, Bis Si-and S2-closed).
It is clear that S' is a closure operator.
A set H is called ^-compact iff the condition "// has an empty intersection with a family of 5-closed subsets" always implies "H has an empty intersection with some finite subfamily".
The operator S is called algebraic iff for every A g 2x and x G S(A) there exists a finite subset K c A such that x G S(K).
A mapping t : X x X -* R+ is called a symmetric on X iff t(x, y) = 0 <==> x = y and t(x, y) = t(y, x) for all x, y G X.
A set X equipped with a symmetric t is called a symmetric space and denoted by (X, t). Denote:
B(x, r) = B({x}, r). A topological space X is called subsymmetrizable iff there exists a continuous symmetric on X.
Let S be a closure operator on I. A symmetric t is called ^-continuous iff diam ,4 = diamS"^) for every A ç.2x . 3. Main results Theorem 1. Let (X, t) be a symmetric space with closure operator S, let F: X -» 2X be a multi-valued mapping, let S' = inf{5, Sp}, and let H be an S'-compact set. Suppose.
(1) t is S-continuous,
Further, suppose that for every x e X there exists an orbit O(x) of F at x which satisfies the following conditions:
. Then there exists x e H such that x g F(x) . Proof. Consider the family of all nonempty S' -closed subsets of X. This family is nonempty because it contains X. It is partially ordered by set inclusion. Let ^ be a chain in the family. We prove that W has a minimal element. Let A be a nonempty S'-closed subset and x G A . We have S'(0(x)) c A . Using condition (3) we have ACiH ^ 0 . So, every finite intersection of elements of W meets H. By the S'-compactness of H we conclude that f)(A\A £ W)r\H ^ 0. Therefore C](A\A eW) is a nonempty minimal element for W in the family. By Zorn's lemma there exists a minimal element M in the family of all nonempty S'-closed subsets under consideration and M n H ^ 0 .
Let a G M. We shall prove that a G F(a). By the minimality of M we have S'(0(a)) = M. Suppose to the contrary that a $ F(a). Then by condition (4) we have (1) sup D(y, F(y)) = r < diam M. yeM We show that S(F(M)) = M. Indeed, by the ¿'-closedness of M we have
Using condition (2) we get
This inequality contradicts inequality (1). Thus, every a G M is a fixed point for F and in particular so is every point from the nonempty subset Mili/. The theorem is proved.
Theorem 2. Let (X, t) be a symmetric space with closure operator S, let F : X -> 2X be a multi-valued mapping, let S' = inf{¿, S>}, and let H be an S'-compact set. Suppose:
(1) B(x, r) and B(F(x), r) are S-closedfor all r G R+ and x £ X, (2) (Vi.yel) D(F(x),F(y))<max{D(x,F(x)),D(y,F(y))}.
Further, suppose that for every x G X there exists an orbit O(x) which satisfies the following conditions: Corollary. Let (X, t) be a nonempty compact metric space, let F: X -> 2X be a multi-valued mapping, and let ¿' = inf{¿,, Sf}, where St is the topological closure operator. Suppose:
(1) D(F(x),F(y))<max{D(x,F(x)),D(y,F(y))} (Vx, y e X), <diamS'(0(x)). Then F has a fixed point. Proof. Use Theorem 1 or 2 with H = X and ¿ = ¿,. Lemma 1. Let X be a subsymmetrizable topological space, t be a continuous symmetric on X, and F: X -> 2X be an l.s.c. mapping. Then {x £ X\D(x, F(x)) < r} is a closed set for every positive number r £ R+. Proof. Let a £ StA. We have to prove that F(a) c StF(A). Suppose the contrary, that F(a) n (X\StF(A)) ^ 0 . Then by the lower-continuity of F, there exists a neighborhood V(a) of a for which F(v) n (X\StF(A)) ^ 0 for every v £ V(a). Take w g V(a) n A . Then F(w) n (X\StF(A)) ± 0 and so F(A) n (X\StF(A)) / 0. But this is impossible. The lemma is proved. Theorem 3. Let X be a subsymmetrizable topological space, t be a continuous symmetric on X, and F: X -» 2X be l.s.c. Let S be an algebraic closure operator on X, let St be the topological closure operator, let ¿' = inf {¿, St, Sf}, and let H £2X be a nonempty S'-compact subset. Suppose:
(1) (VxgX) (VrGi?+) B(F(x),r)£S(2x),
Further, suppose that for every x £ X there exists an orbit O(x) of F which satisfies the following conditions: (4) S'(O(x))nH¿0, (5) x i F(x) =» (3y G S'(0(x))) : D(y,F(y)) < sup{D(z, F(z))\z £ S'(0(x))}. Then F has a fixed point in H. A2 is ¿-closed by condition (2). Using Lemma 2 we have
So A2 is also S f -closed and then ¿'-closed. Using the minimality of M and the fact that A2 c M, we conclude that A2 = M. At the same time, using the fact that A2 c A we have sup{D(x, F(x))\x £A2}<r< sup{D(x, F(x))\x £ M}, a contradiction. Thus, every a £ M is a fixed point of F and in particular so is every point from the nonempty subset H n M. The theorem is proved.
Since every convex closed subset in a normed space is also weakly closed, we infer the existence of fixed points for multi-valued l.s.c. mappings which satisfy a condition of Kannan's type. Suppose that for every convex subset A £ 2X containing more that one element and invariant under F, there exists x £ A such that D(x, F(x)) < sup{D(y, F(y))\y £ A}.
Then F has a fixed point in X.
Proof. Use Theorem 3 with t(x, y) = \\x -y\\, H = X, a = j , and ¿ the convex closure operator.
Let us note that in reflexive Banach spaces all bounded closed convex subsets are weakly compact and by our definition every continuous single-valued mapping is l.s.c. Hence this corollary extends Theorem 2 of [3] .
Corollary 2. Let (X, t) be a metric compact space and let F : X -» 2X be an l.s.c. mapping with nonempty images and satisfying the condition D(F(x), F(y)) < \(D(x, F(x)) + D(y, F(y))) for all x, y £ X, where D is defined by the metric t.
Suppose that for every closed subset A £ 2X containing more than one element and invariant under F, there exists x £ A such that D(x,F(x))<sup{D(y,F(y))\y£A}.
Then F has a fixed point. Proof. Use Theorem 3 with H = X, a = \ , and S(A) = A for all A g 2x .
